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Abstract 
The bandwidth B(G) of a finite simple graph G is the minimum of the quantity 
max{ I f (x)- f (Y) I :xyC E(G)} taken over all injective integer labellings f of G. We prove that 
if a tree T has k leaves then B(T)<~ [k/2~. This improves the previously known upper bound 
B(T)<.IV(T)I/2 
I. Introduction 
In this paper graphs are simple, i.e., finite, undirected and with neither loops nor 
multiple edges. For a graph G let V(G) and E(G) be the vertex set of G and the edge 
set of G, respectively. The order of G is the number of vertices of G. A one-to-one 
mapping f :  V(G) ~ Z is said to be a vertex labelling of G where Z stands for the set 
of integers. For a vertex labelling f of G, let Bf (G)  denote the maximum difference 
between f(x) and f (y)  when xy runs over all edges of G, namely 
Bf(G) = max{If(x) - f(Y)I: xy E E(G)}. 
We define the bandwidth of G the minimum of Bf (G)  over all vertex labellings f of 
G and denote it B(G), i.e., 
B(G) = min{Bf(G): f is a vertex labelling of G}. 
A vertex labelling f is said to be proper if f(V(G)) = {1,2 . . . . .  n}, where 
n = IV(G)I. We remark that the bandwidth of a graph G is achieved by a proper 
vertex labelling of G. 
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The bandwidth problem for a graph G is to find a proper vertex labelling which 
attains the bandwidth of G. This problem originated in the 1950s in the form of 
finding a matrix equivalent to a given matrix so that all the non-zero entries lie within 
a narrow band about the main diagonal. 
From both theoretical and practical points of view, plenty of work has been done 
on this topic [1,2]. However, this paper concentrates upon the upper bounds on the 
bandwidth of a tree. For a tree, the following two upper bounds on its bandwidth are 
known. The first one is due to Chv~italovgt e al. 
Theorem A (Chinn et al. [1]). Suppose that T & a tree on n vertices. Then 
n 
with equality if  and only i f  T is a star and n is even. 
The second is due to Chung. 
Theorem B (Chung [2]). Suppose that T is a tree on n vertices with maximum degree 
A. Then 
5n 
B(T) <~ logA----~" 
Our result is the following theorem. 
Theorem C. Suppose that T is a tree with k end vertices. Then 
The bound B(T)<~k is trivial, achieved by a breadth-first numbering from any root. 
Moreover, we observe the following. Let the deletion of an edge eEE(T)  separate T
into two subtrees Tl (e) with kl (e) leaves and/'2 (e) with k2 (e) leaves. Then breadth-first 
numberings of the two subtrees easily combine to show the following inequality: 
B(T) ~ max {kl (e), k2 (e)}. 
Therefore, if T has an edge e such that kl(e) = k~(e) = F~], then Theorem C follows 
immediately from the above observation. However not every tree contains such an 
edge. So in order to prove Theorem C we need the fact that every tree with k leaves 
is the union of f§] pairwise intersecting paths. In Section 2 we will prove this fact. 
Since a tree T has at most I V (T ) I -  1 leaves, Theorem C is an improvement of 
Theorem A. There is a tree for which Theorem B gives a better bound on its bandwidth 
than Theorem C does. For example, a complete binary tree of sufficient large order is 
one of such trees. We, however, remark that for small trees, Theorem C gives a better 
bound than Theorem B does. 
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Remark. Let T be a tree of order n with k end vertices and let A denote the maximum 
degree of T. If n ~< 109, then 
log A n 
We remark that for any given integers n, k and D such that n - 1 >/k/> 2, D + k - 
l<~n~<l + [9] + (k -  1)[-~J, there is an n vertex tree T with k leaves and with the 
diameter D such that B(T) = [~. 
This paper consists of two sections and one appendix. In Section 2, a proof of 
Theorem C is given. A proof of Remark is given in Appendix. 
2. Proof of Theorem C 
The proof consists of two claims. At first we prove the existence of pairwise in- 
tersecting paths which cover the tree and next using these paths we label the tree 
desirably. 
Claim 1. Every tree T with k leaves is the union of [§] pairwise intersectin9 paths. 
Proof. Let T be a tree with k leaves and let m stand for [~]. Among all sets of m 
paths that cover the leaves of T, the collection with maximum total length has the 
desired properties, because failure to cover E(T) implies disjoint paths, and disjoint 
paths permit a rearrangement to increase the total length. Let Po, P~,...,P,,-~ be such 
a collection of paths of T. Then it follows immediately that Tj = ~i=0 Pi is connected 
and Uimo I Pi----- T. [] 
We remark that for any integer j (1 ~<j ~< m-  1), each component of Pj - V(Tj_ I) 
contains an end vertex of Pj. Because Tj_ 1 is connected, a traversal of Pj cannot leave 
T/_I and then return to it, as this would create a cycle in T. 
Claim 2. There is a labellin9 f of T such that Bf(T)<~m. 
Proof. We define the labeling f by assigning labels successively to V(Pj)-  V(Tj_I ) 
for each j. Begin by assigning successive multiples of m to the vertices along P0. Now 
suppose j > 0 and we have labeled Tj_I, using labels congruent to {0, 1 . . . . .  j - 1}, 
so that endpoints of edges in T:_1 have labels differing by at most m. Let u, v be 
the vertices of V(Pj)fq V(Tj_I) that are closest to the two ends of Pj (these may 
be equal). By symmetry, we may assume f(u)<<.f(v). Let a be the largest integer 
less than f(u) that is congruent to j mod m, and let b be the smallest integer greater 
than f(v) that is congruent o j mod m. From the neighbour of u [or v] out to the 
corresponding leaf of Pj, assign the label a - (i - 1 )re[or b + (i - 1 )m] to the ith vertex 
of V(Pj)-  V(Tj_I) encountered. (If k is odd, then for one value of j, one of these 
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subpaths is empty.) The newly assigned labels were not previously assigned, because 
the earlier labels belong to other congruence classes modulo m. The newly included 
edges have different at most m, and the labels on old edge have not changed. When j 
reaches m - 1, we have a labeling of T proving B(T)<~m. [] 
Appendix. A proof of Remark 
Let T be a tree on n vertices with k leaves such that A(T)= A. I f  A = 2, then 
k - -2  and the inequality in Remark holds. Assume n~<109 and A~>3. We show 
5n/log~ n/> (k + 1 )/2. 
Because 2(n - 1) = 2[E(T)[ <~k + A(n - k), k + 1 ~<((A - 2)/(A - 1))(n + (A + 1)/ 
(A -  2)). So we get (k+l ) /2<~l ( (A -2) / (A -1) ) (n+s)  where i f  A = 3, then 
s = 4 otherwise s = 3. By this inequality, it suffices to show that 
logan  2 ~ (n+s).  
10 ~ logA>~logn+nlogn. 
We estimate the value of  the left-hand side of  the last inequality as follows: 
AI°(~-tx-~2) = 320 i f  A = 3 and Al°(x~-2)~>'23°~-' if  A~>4. 
On the other, both the inequalities xT/-~ n < 320 and f f~  n < 230 hold since n < 109 < 
230 - 63. The proof of Remark is completed. 
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